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Abstract

Solitons in discrete optical systems have been a topic of keen interest over the
past decade. In a diffraction managed waveguide array, where the waveguide’s
diffraction profile is varied periodically in the direction of propagation, the
slow evolution of the electric field envelope is modelled by a nonlocal discrete
equation that exhibits soliton solutions numerically. In this paper, we verify
the validity of the asymptotic approximation, demonstrating that solutions of
the averaged equation are close in the /% sense to those of the original model
for long time scales. Moreover, we prove that the averaged equation has stable
ground state solutions, complementing previous experimental and numerical
observations. Finally, we show that for a generalization of the averaged
equation, ground states of an associated Hamiltonian exist if and only if their
I norm exceeds a certain excitation threshold, which depends on the system’s
dimension and degree of nonlinearity.

Mathematics Subject Classification: 35B40, 39A12, 49J40, 78A45

1. Introduction

Over the past two decades, spatial solitons have been the focus of intense research activity [1,2].
A particular area of interest has been discrete solitons, which can arise in such diverse settings
as solid state physics, biological systems, Bose—FEinstein condensates and nonlinear optics
[3-7]. In general, discrete solitons are self-trapped states arising from a balance of linear and
nonlinear effects. In the context of nonlinear optics, these solitons can arise, for example, in
discrete networks such as waveguide arrays [8, 9], where the required balance of linear and
nonlinear effects comes from a type of ‘diffractive broadening’ because of the weak evanescent
coupling between adjacent waveguides and self-focusing due to Kerr nonlinearity.

0951-7715/05/052275+23$30.00 © 2005 IOP Publishing Ltd and London Mathematical Society ~Printed in the UK 2275


http://dx.doi.org/10.1088/0951-7715/18/5/020
mailto: moeser@colorado.edu
http://stacks.iop.org/no/18/2275

2276 J T Moeser

A standard approach to studying electric field propagation in discrete waveguide arraysis to
decompose the total field into a sum of weakly coupled modes excited in each waveguide of the
array [7]. With this ansatz, the propagation of two interacting modes is described by nonlinear
coupled mode theory [8,10, 11]. If cross phase modulation is neglected, the amplitudes evolve
according to the one-dimensional scalar discrete nonlinear Schrodinger equation (DNLS)

u,

9
where £ is distance down the waveguide, n the location of the array element, 1 — 2u,, +u,_|
the usual second order centred difference, k = 1/ 242, with h > 0 the lattice spacing, and d (§)
is the diffraction coefficient, a constant in the case of the traditional slab waveguide. Soliton
solutions for (1) in the case d(§) = dp > 0 were predicted in [8] and observed experimentally a
decade later [9]. A proof of the existence of breathers, &-periodic, spatially localized solutions
of the form

i+ d (&) a1 — 2un + 1) + (|uu), =0, ey

Un (é) = eXP(iwf)Un s (2)

where w is real, was first established in [13] in the more general context of Hamiltonian
networks of weakly coupled oscillators. Later in [14], breather solutions for the evolution
equation

Oy 2 20
i— + (87 u), + (Ju|*°u), =0, 3)
3
were studied, where o > 0 is a measure of nonlinear strength and 62 denotes the d-dimensional
discrete Laplacian

W =Y up —2du, )

meJ,

with J, the set of nearest neighbours to the point labelled 7 in Z¢. In [14], the breathers’ spatial
profile v, is obtained as a minimizer of the Hamiltonian

1
— _ 82 _ " 20‘+2’ 5
H=—x@uu) - — E [ ] &)

neZd

subject to the constraint

Dl =1,

neZd

where
d

(=8, u) = > luy — ufu}? (6)

I=1 nezd

and 7; is the translation operator by one lattice unit in the /th coordinate direction. Animportant
result of [14] is that for cd < 2, ground states of arbitrarily small energy exist, whereas for
od > 2, a minimum /2 energy, or excitation threshold, must be achieved for the ground state
to exist.

Optical solitons in discrete and continuous systems differ in fundamental ways. From
a mathematical standpoint, some of these differences can be partially explained by the
nonapplicability of standard techniques from differential calculus in the spatial direction,
leading to an absence of certain invariances in the discrete case. For example, equation (3) is



Diffraction managed solitons 2277

not spatially translation invariant or Galilean invariant and also lacks a scaling invariance that
holds for solutions of the continuous NLS equation

9
i Au+ P u=0, ©)
0&

namely,

1/o

u(x, &) asolutionto (7) = uy(x, &) =a ' ulax, oczé) a solution to (7), o > 0.

When od # 2, this invariance makes it possible to rescale a given stationary solution for (7) to
obtain stationary solutions of arbitrarily small L2 norm. In the discrete case, these arguments
are no longer possible, and heuristic analysis presented in [15] suggests that soliton formation
for a general class of discrete Hamiltonian systems may require a certain dimension dependent
energy threshold to be exceeded. Furthermore, the actual physical power that is required
for soliton formation in a discrete system is also high in comparison to that of a continuous
system. In continuous systems, such as optical fibres, input power need only be on the order of
milliwatts, as weak nonlinear effects become significant due to very long propagation length
scales, typically on the order of kilometres. For discrete systems, propagation scales are much
shorter, on the order of centimetres, and thus higher power, on the order of megawatts, is
required for soliton formation [1]. This high power requirement can be a significant drawback
in the use of the slab waveguide.

An emerging technology that provides an alternative to the slab waveguide is diffraction
management [16]. The basic idea is to alter a waveguide’s diffraction profile periodically in
such a way that the initial amplitude profile is nearly recovered after each period and nonlinear
effects are kept small. Physically this can be achieved by periodically tilting a series of short
waveguide arrays in order to achieve a desired average diffraction. The idea can be considered
analogous to that of dispersion management in optical fibres [17], with compensation achieved
through geometric considerations rather than the properties of the material. The diffraction
managed waveguide array could prove useful for emerging applications such as low power all
optical soliton switches [16] and can also give rise to new phenomena such as the existence of
dark solitons in self-focusing environments and bright solitons in defocusing environments [1].

The model for a one-dimensional diffraction managed waveguide array is given by

-, (d(%‘/e)
i +
o0& €
Here the total diffraction profile is decomposed into a large rapidly varying component
d( /€) /€ and a small average component d, and € is a small positive parameter, the ratio of
characteristic length scales of local diffraction to those of nonlinearity or average diffraction.
We note that the special case d(z)=0 corresponds to the slab waveguide.

The efficacy of diffraction managed waveguides was demonstrated experimentally in [16].
Subsequently, an averaged equation describing the slow evolution of solutions to (8) was
derived in [10-12]. Numerical studies revealed that the averaged equation possesses stable
breather solutions which evolve nearly periodically when used as initial data for (8).

In this paper, we first verify the validity of the asymptotic procedure of [10-12], showing
it to be O(¢) accurate in the /> norm for time scales O(1/€). Moreover, by adapting the
ideas in [14], we demonstrate that for the case of positive average diffraction, the averaged
equation has a breather solution with spatial profile the minimum of an associated Hamiltonian
if and only if an excitation threshold, given in terms of the / 2 norm, is achieved. Namely, we
demonstrate that for od < 2, breather solutions of arbitrarily small /> norm exist but for
od > 2, a minimal [ norm is required for breather existence. In the regime where these
breathers exist, they are orbitally stable solutions of the averaged equation.

+ &) ©(8%u), + (Jul*u), = 0. 8)
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2. The averaged equation

2.1. Derivation

Here we derive the averaged equation in the case of one spatial dimension and cubic
nonlinearity. We note that the same procedure easily extends to several dimensions and general
power nonlinearity. Changing variable z = & /€ in (8) gives

ou, -~ -
ia—"z +d(2)K(82u)y + € (dic(82u), + (|u210),) = 0. )
We make the transformation u = L(z){v°}, where L(z) is the semigroup for the linear
diffraction managed equation
57+ Jk (579 = 0. (10)
b4

The solution to this equation can be expressed in terms of the discrete Fourier transform and
its inverse,
w/h

h N . .
L(2){p} = T / b (w, 0)e"@he(~ik2=2cos(@ND@) g,y
—n/h

where

qAb(a)) — Z ¢ne—iwnh

n=—oo

and D(z) = foz d(z')dz’. We note that the operator £ is an isometry on /2. This change of
variable gives
€

8vn 3 2. € €
1 oz +e(dk(6v), + (C{v ), =0, an

where

(CDn = LEHL@QPIPLE - 12)

Formally, the averaged equation is obtained by integrating the nonlinear term over one
period in the fast variable, which we normalize to be 1,

V) + (C){vha) =0 13)

with

1
{(CHvhn = (/0 E(—z/){IE(Z’){U}I2E(Z’){U}}dZ'> .

n

The Fourier transform of the nonlinear operator (C), which we denote (C‘ ), is

R w/h w/h
{(CHvD (@) = ( ) / / $(w — w1 + @y — w3)
w/hJ—n/hJ—m/h

X K (@, 01, w3, 03)0(@1)0(w2) 0 (@3)dw; do, dws,

where
1
K(w, o, 0y, w3) = / exp (—iD(Z) P(w, w1, w, 3))dz
0

and

P(w, w1, wy, w3) = 2(cos(wh) — cos(wih) + cos(wyh) — cos(wsh)).
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In the case of symmetric diffraction compensation, i.e. slabs of equal length periodically tilted
at 45° angles,
sin(P(w, 1, w2, w3))

K(w, w1, w, w3) =
T P(w, w1, w2, w3)

This equation was first derived in [10—12], where it was expressed in the Fourier domain. We
note here that in the continuous limit 4 — 0 we recover the averaged equation for dispersion
management in the continuous case [18,19]. The averaged equation (13) is the Euler-Lagrange
equation corresponding to the Hamiltonian

n=—0oo

- |
mﬂw=eﬁue¥ww—iﬁ E:Ka&wmﬁw). (14)

2.2. Well-posedness

The averaged equation (13) is well posed in the following sense.

Theorem 2.1. If vy € %, then there exists a unique solution v(z) € C([0, 00), %) to the
averaged equation (13) with initial data vy.

Proof. We first show that solutions exist locally in z. As the linear part of the equation generates
a Cy semi-group of linear operators on /2, from standard results [20], we need only establish
that the nonlinear operator (C) is locally Lipschitz in /2. We start by estimating the fast-time
dependent operator C(z){v} defined in (12). Clearly, C(2){v} = L(—2){|L(z){v}|*L(z){v}} is
a bounded operator from /2 to [? for each z € [0, 1] as this property holds for £(z){v} and is
preserved under multiplication in /2. Moreover,

IC@ e = IL(=DH LWL = L@ L@ < MILE@ )
= M|},

where M is independent of z. It follows that
1/2

1 1
</'W@MMMZ<</|C&MMP&) ,
0 0
so that

00 00 1
HOYHE = D 1O whal < 23A|«mmwnﬂw

n=—00 n=—00

1
uawn=k&c&nw&

1 o0
=£ > C@hal*dz < M2l

n=-—00
or

KO W} < Ml
A standard extension of the argument gives
IKC)Hu — v}llp < Mlu— vl|}
<M'lu—vlp,
where in general M’ depends on ||u||;2 and |Jv]|;.
To establish global well-posedness, we need only show that ||v||;2 remains bounded for

all z. In fact, we establish that the /> norm is conserved for (13). For this result, it is convenient
to work in the Fourier domain, where (13) is

90 . (&K(z cos(w) — 2)b + <é>{v}) =0 (15)
0z
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We multiply (15) by 0, its conjugate by 9, subtract and sum over n to obtain

8 o0 o0 _ R
ia—z D lP=e (—2 Im Y 5 (C){v}) )
n=—00 n=—00
It is enough to show that Zoi_ - (é Y{v} is real valued. Now

s R o w/h px/h pr/h
> @) (O = Zv(w><2n> f //ha(w—wlmz—wa)

N——o00 Nn——o00 —n/h w/h

XK (@, 01, 02, 03)D(@1) 0 (@) d(w3)do; dwy dws,
so its complex conjugate is
w/h w/h

w/h
Z v(w)( > / S(w— wy +wr — w3)
27 /b J=myn J=mn

n=—00

xK(w, 1, w2, ©3)0(@1)(w2)0(w3)dw; dws dws.

Now K (w, w1, w2, w3) = K (w3, W, w1, w), so making the change of variables w — w3 and
w| —> w, shows that Y >~ v - {C){v} and its complex conjugate are the same, and thus real
valued. Overall,

n=—00o

lv@ e = 10 2—n/nm/m = 10O L2—r/h/m = 0O) [I2

and the local existence argument can be extended indefinitely in z. |

2.3. Asymptotic validity

We demonstrate that the function £(z){v}, where £ is the semi-group corresponding to (10)
and v is a solution to the averaged equation (13), is a close approximation to a solution of the
original equation with the same initial data. In this section, it is convenient to change variable
so that the propagation distance is independent of €. We let z = Z/€ in equations (11) and
(13), which become

81); 3 2.€ Z €
1—Z +di(6°v°), + <C <;> {v }) =0 (16)

V) + (C){vhn =0, a7

and

respectively.

Theorem 2.2. Let v,(Z) € C([0, z*],1%) be a solution of (17) on some time interval [0, z*]
with z* > 0. Let v5(2) be a solution of (16) with the same initial data vo. Then
lve — vllLeqo,.2) < € for Z ~ O(1), corresponding to time scales z ~ O(1/€) in the
original variables.

Proof. We follow the method first established in [21] for the case of dispersion management.
The basic idea of the proof is to define a small correction term to a solution of the averaged
equation (17). For ease of notation, we suppress the zZ dependence of v. We first split the
rapidly varying nonlinear operator C into its mean and varying components

C(f){v} (c >{v}+R( ){v}
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where in the Fourier domain
~ W\® pr/h pEih pu/h
A (7
R<—>{U}= (-) f / dw — w1 +wr — w3)
€ 2z PR S Sy
X (@ <E, ®, w1, 0, w3> — K(w, w1, w2, cu3)) B(@1)D(@2) D(ws)dw; do; dws
€

and

O, w, w1, wr, w3) = exp (—iD(Z)P(w, wi, w2, w3)).

Z ’
M (2) =/ (G) (Z;w wn,wz,w3) - K(w,wl,wz,w3)>dz’
0

Z/€
= 6/ <®(z”, w, w1, wy, »3) — K(w, o, wz,w3)>dz”,
0

We define

which is the integral of a periodic function with zero mean. Hence, for any € > 0 we may
write

v

Me(z) =€ / (®(ZN, w, w1, W), 603) — K(a), w1, Wy, 503)) dZ”,
0
where 7" € [0, 1]. Thus,

IMc(D)lL>mxa) < Ce,

with Q = [—n/h,w/h]l x [-n/h,w/h]l x [-7/h,n/h] X [-7/h, 7/ h] and C independent
of z. Now we define the correction term v (Z) as follows

w/h w/h R
01(2) =i <—> / f $(@ — w1+ Wy — W3) M (D) V(1) 0(@2) D(w3)dw; dw, dos
2 —n/h w/hJ—m/h

with

w/h w/h w/h
101 < ||M<z>||mmxm( )/ / 5( — w0y + w2 — w3)
w/h d=mih S —msh

D (@)D (@))]]D (w3)|dw; dew, dews

R w/h
= ||Me(5)||L°°(JRxQ)( > f [D(w)[[D(@2)||0(w — @) + w2)|dw; dws
—n/hJ—n/h

w/h
Ce(2 ) / B0 [B@D)]15(@ — @1 +wn)ldwr do
T —/hJ—m/h

:Cel.
Let
G = G(w+wn) =/

—n/h

7/h 7/h

Benllie o +oldor = [ fi@)lli - w)ldon
—m/h

so that by Fubini’s theorem and the periodicity of i, G € L'[—7m/h,7t/h] with

||G||L1[ 7 halh] S ||v||L1[ /o] Thus, / can be written

R w/h .
I= <—> / [V(@)]|V(w)||V(@ — w1 + w2)|dw; dw,
2 - —n/h

w/h

h 2 pm/h
<—> / G(w+ wy)|V(wy)|dws.

2 7/h
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We will show that / is an element of L?[—m/h,/h] with ||IA||L2[_7T/h,,,/h] <
”v”Ll[ ﬂ/hﬂ/h] N ow

w/h R . w/h R R .
/ G(w+ ) |b(w)|dwr = f G(w+ ) *G(w + @)D (w2) |dws,
—m/h —n/h

so applying the Cauchy—Schwartz inequality yields

7/h n/h 172 w/h 172
/ G(w+wz)|ﬁ(w2>|dw2<(f G(w+w2)dw2> (f G(w+wz)|a(wz>|2dwz) .

—n/h w/h —n/h

Thus,
w/h
f G (0 + @) |0(w2)|dw

/b h 4 pm/h
/ 1 dw = (-) f
—n/h 2 —x/h |\ =an
h\4 pr/h w/h w/h _
< <—> / </ G(w +w2)dw2> (/ G(w+ a)2)|f)(w2)|2 da)2> dw.
27 —n/h —n/h —n/h

~

Interchanging the order of integration and using the periodicity of G gives I €
L?’[—n/h, /h] with

2
dw

200
M2y < C”U”L2[ —x/h, n/h]”G”Ll[ 7/ b,/ h]
< C”U”L2[ 7/h, n/h]”v”L‘[ PRI C”””LZ[ —x/hw/h]"
Overall, 9, € L*[—n/h, ] h] with
lvi@lle = 101@l L2p—n/hmym < C€||U(Z)||Lz[ 2 h/h] = C€||U(0)||l32,
so that

sup flui(@)llp < Ce

0z
with C independent of Z. Now 9 satisfies the following equation
81’}1 w/h w/h w/h R
i— = ( ) / S(w — wy +wy — w3)Mc(2)
0z 2z PPN AN S

X 03 (v(a)l)v(wz)v(w3))da)1 dw, dw;

w/h w/h R
( ) / 8(w — w1 + wy — w3)0: (M (2))
2r PR SN S

x (1) 0(@2)0(w3)dw; dwr dwy = —R; — R,

where

IRl = IRl /iy < Ce H < Cle,

L2[~7/h, 7r/h] H
and we have obtained the estimate on dv/d7 directly from the averaged equation (13) using /°
boundedness of the discrete Laplacian and the nonlinear term. Thus,

sup [[R1(@)lp < Ce
0Lz

with C independent of 7. We now define v = v + vy, which satisfies
LoD ov vy

=i— +i— = —kd§*v — (C —
3z laz laz wdd™v = (C){v)



Diffraction managed solitons 2283

or
v - - _
ia—'f + C{D} +kd8*D = C{D} + kd8*V — kd8*v — (C){v} — R, — R.
z
Here
kd8*D — kd§*v = kd§*v,
and
—(C){v} = R = —-C{v},
so that
L9V - =2~ -2 -
1? + C{v} +«kdé°v = kdé v, — C{v} — R, + C{v}.
Z
Now
IC{v} — C{vHle < 10 —vllp = llville < Me
and

[8%v1ll2 < 4llvillp < 4Me, (18)
with all estimates uniform in z. All together,

86 ~ 792~ "
i—+C{v}+«xdév =R
0z

with

sup [[R"[l < Ce.
0Lz

Finally, we give an estimate on the closeness of v to solutions of the transformed equation (16).
Now f€ = v° — v satisfies
af6 _ 782 € € 792~ ~ "
i 07 = —kd§“ v — C{v°}+kds"v+ C{v} — R
Z
= —kd8*f¢ — C{f +0}+C{D} — R,

where
IC{f + 0} = C{odlle < MILfCle.
A standard energy estimate gives
a%nfenfz < (€ + M| eIl
and by Gronwall’s inequality
1F€N% < (Ce)’e,
so that
Iflle < Ce
forz ~ O(1).
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Overall,

sup [[v¢ —vllz < sup v =Vl + sup [0 —vfp
0Lz 0Lz 0<zLz*

< sup [N+ sup [oi@lle < Ce

0Lz 0Lz
for 7 ~ O(1). O

We note that in the averaging theorem for the continuous case of dispersion management, the
measure of closeness in the spatial variable is the H k=2 horm for initial data in H*, k > 5 /2.
In the discrete case, this potential loss of regularity, in the sense of loss of control over finite
differences, does not take place owing to estimates of the type (18).

3. Existence of ground states and stability

3.1. Preliminary results
We will show that if the average diffraction d is nonnegative and Z, = inf 4, (H) 1s negative,

where (H) is given by (14) and

oo
Av=vel’, Y ul =2,
n=—o0
then (H) has a ground state in .4, . Here we present a few results which are used in the existence
argument. For ease of notation, we set the spacing parameter x = 1 in this section.

3.1.1. (H) is bounded from below in A,. By the standard interpolation inequality

ol < i fwli. (19)
we have
- 1 1 % 1 1 ©o©
<HHM=dP§wW—§A ij&%mmﬂw>—zl S 1L Dl d2
1 1
>—5ﬁnw@mmmma&wwﬁw’
(
N 1 1 r , 4d/_ 1 1 4d/__)\‘2
/—aAm<wwmﬂz——zﬁnwﬂz—7r>—w

so the functional is bounded from below in A, .

3.1.2.  Concentration compactness. The concentration compactness lemma [22] is an
essential tool for this problem. Here we state the specific version of the lemma used throughout
the exposition [14].

Concentration compactness principle. Let v* be a sequence in /> with ||vk||122 = A. Then
there exists a subsequence of v*" such that one of the following three possibilities holds.

1. Localization: there exists an integer ng such that for all ¢ > 0, there exists a positive
integer N., independent of m, such that

Z |vﬁ’"|2 > A —e€.

In—ng" |<Ne
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2. Vanishing: forall0 < N < oo,

lim sup E |v,]f’”|2 =0.
m~>oon =
0= ln—no|<N

3. Splitting: there exists i € (0, A) suchthatforalle > 0, there exists ky > 1 and vlfm,vlgm el?
with disjoint supports such that for all k¥ > ko,

kn |k
[v* — vy — 03"l < e,

km

oy 12 — | < e, (20)
ki

s 112 — (0 — )| < e,

distance(support (v]l‘m), support (vlz‘m)) — ooasm —> 0Q.

3.1.3. Energy localization. The following lemma, which describes how the local energy of
solutions to the discrete linear Schrodinger equation behaves, is crucial to the minimization
argument.

Lemma 3.1. Consider the linear diffractive equation
u,

+d(2)(8%u), =0, (21)
0z

i

withu € A,, and d (z) piecewise constant.
Let uilk) (z) be a sequence of solutions of (21) and define

no+1

a@=sup Y [P @ (22)

Let u® (0) be vanishing initial data, €;,(0) — 0, with the constraint u®(0) € A,.
Then the sequence of the solutions uﬁlk) (z) is also vanishing, €;(z) — O.

Proof. For clarity in what follows, we denote the forward difference operator (§*u), =
U1 — U, and backward difference operator (6~ u), = u, — u,—_1, so that the centred second
difference operator is expressed (§*6~u), = u,y1 — 2u, + u,_1. In this notation, the product
rule for differences is

(8+(fg))n = (8+f)n(gn+l) + (5+g)n(fn)

and the summation by parts formula is

D gner = M (fugn = fong—n) = D (6°8) S (23)

Let x™ be defined as follows
X, =1forn=-1,0,1,
X, = 0for |n| > m,

X, alinear interpolant for 1 < |n| < m,

so that [(6* x™),| < ¢/m for every n.
We multiply (21) by (x™u),, its conjugate by (x™u),, subtract the equations and sum
over n to obtain

d - >
i D P +d() ( > i) (8%u), — (X’"u)n(a2a)n> =0

n=-—00 n=—00
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or

d o0 ~ o0
& 2o Ol = =21m (d(z) > (x"’ﬁ>n(52u>n>. (24)

n=—0oQ n=—00

We set f, = (6" w)n, gn = (X"ut),—1 and apply (23) to (24), so that

d & .
o 2o M, = —21m (d(z)<nli)n;o (W (" -1 = (67 1)n (X" ) n 1)

- > (a+<x'"ﬁ>n_1>n(6—u>n))

n=—00

=2Im (J(z) > <6+<xma>n_1>n<a—u>n>

n=—0oQ
o0
—2Im (d(z) 3 (G O Dt + )k (8—u)n>
n=—0oQ
The second summand is real, as
S -t Xy (8 Wy = (ily — thn—1) X' (n — Un—1) = X' (ul, + |ul;_ — 2 Re (itnttn_1)),
SO

d o0 5 o0
d_z Z (Xm|u|2)n =21Im (d(Z) Z ((3+(X:l—1))nﬁn(8_”)n>~

n=—oo n=—oo

Integrating from O to z gives

DK@ =Y (X" w0 + / 2Im (chz/) > <<5+(x::11>)nan(a—u)n> dz’

n=—00 n=—00 0 n=—oo
[o.¢]
< Y Uy + e, (25)

where ¢,, — 0 as m — oo. Let u®(z) be a sequence of solutions to (21) with vanishing
initial data, €,(0) — 0. Assume that e (z) > ¢;(0) and choose a subsequence m so that x,*
is centred with respect to u*(z). Thus,

D PP = a2,

n=—00

Also,

D PO, < 2mie (0),

n=—00

Taking the limit k — oo with m; ~ /1/€,(0) gives

[0¢] o0
a@ < Y P @R < D0 " PO + cme < 2mier(0) + e, — 0.

n=—0oo n=—0oo

We note that similar results can be obtained in higher dimension. (|
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3.1.4. Subadditivity of (H). The following property of (H) is used to rule out splitting of a
minimizing sequence.
If 7, = inf 4, (H), then

I)»1+)»z < IM +I)Lz'
The result follows easily from the following claim.

Claim. If0 > 1, then Zy; < 0I,.

Proof of claim. Now

Ty, = inf (H){v} = inf (H){vow),

veAy;

since
w2 =2 = [Vow|? = 6.
Now for & > 1 and 0 # v € A,, with the inner product (-, -) defined by (4),

1 oo
T < (H)(V30) = (=800 VB0 — 5 [ 32 106 Wa ez
0

n=-—00
2

l o0
—od=sv,0) =% [ 3 1@,

n=—0oo

< 6(H){v},
from which the claim follows. U
Proof of subadditivity. We set A; = y A, with y < 1, so that
Dooro =Liyayp, < ¥ + DIy, = vLyy + D, <D, + 1o, O

3.2. Minimization

We now demonstrate that if d > 0 and 7, < 0, then there exists a ground state v* for the
Hamiltonian (H) in A;. This gives rise to a stationary solution to the averaged equation (13)
of the form v, (z) = exp(iwz)v;;, where w > 0.

Theorem 3.2. Ifd > 0 and the infimum of the Hamiltonian

- 1 P&
i) = d=sv0 -3 [ 3 el e

n=—00

over the class of functions

Akz{veﬂ,§:|wfzk}

n=—00

is negative, then (H){v} achieves its minimum on Aj.

We note that the following argument can be extended to arbitrary dimension d and strength of
nonlinearity o > 0.

Proof. Let v* be a minimizing sequence for (H){v},

gmMHHM}zﬁ.
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Using the concentration compactness principle, we will show that that v has a strongly
convergent subsequence. Since v* is bounded in /2, it has a weakly convergent subsequence
vf» — v*, and we need only rule out ‘vanishing’ and ‘splitting’.

Now if v¥» vanishes, then by the energy localization lemma, for any finite z*, £(z*){v*"}
also vanishes,

lim sup Z (L) Dal* =0
" neel Sl

and consequently ||£(z*){vk'"}||,23c — 0. Since 7, < 0, for m large enough,

- 1 !X
(H) '} = d(=820", o) — 5 / D IE I A <0,
0

n=—0oo

SO

| —
3 fo > L@ Paltdz > 0.

Thus, for some z* € [0, 1],

> IEEH Dl > 0.

n=—00
By (19)

1LGEH W HRNLE ) IR > 0
with the left-hand side going to zero, a contradiction. Thus, vk does not vanish.

Now assume that v* splits and write v*» = v]f'” + vlzc + k¥ with || RF ||122 < € and evaluate
(H){v*"} directly to obtain

(H) o) = (H){v)"} + (H) 5"} + Ry, vy 1),
where

R, v5", h*) = Ry(uy", v5", h*) + Ry(vy", vh, ) + Ry (vy", v5", hf)
and
Ry, of oy = 2dic (=208, vy + 2(=820%, hhny 4 2(=8208n, hhny 4 (—8%hFn, BEn),

1
1
Rz(vll@n’ vlzim’ hkm) — — Re f E (|L(Z){U/fm + v/2<m}|2|£(z){hkm}|2 + §|£(Z){hk”'}|4
0

nez

2L 0" + V8 PL@ 0 + 08 L@ ) + (L) b+ vh 2

X (L@){h))? + 2(L() vy + v§’”})IE(Z){W}|2£(Z){h""'}>dz, (26)

1 JE—
Rs(vy", v3", h) = / (Z2|£<z>{v’f"’}|2|£<z>{v’;"}|2 +2|L@) "L vy L) (05"}
0

nez
LW D (L@ ) + 2|L(z){v§m}|zc(z){v’f"'}£(z){v’;m}> dz, @7
where we have suppressed the spatial variable n. Using the Cauchy—Schwartz inequality and
the fact that v]]‘”’ and vlzcm and their differences have disjoint supports we have
|Ri| = —Ce

Also, |Ry| > —C(¢) with C(¢) — 0 as € — 0 by the interpolation inequality (19). The
estimate of Rz requires the following lemma.
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Lemma 3.3. For any € such that 0 < € < u, where | is defined in the statement of the
concentration compactness lemma (21), there exist integers N* and n* such that the following
estimates hold simultaneously

Y L@ < Ce, (28)
[n—N*|<n*

Y LW < Ce. (29)
|n—N*|>n*

Proof. In the proof of the concentration compactness lemma [21, 23], one defines the
concentration function

n+Ny

o (n) = sup ) [P,

NoeZ n—~No
which satisifies
lim I (n) = T (n).

m—0o0
In the case of splitting, we have

lim I'(n) = .

n—oo
The concentration function is nondecreasing, and thus for any € such that 0 < € < pu, there
exist integers nl{ and ng with n'; — n]f > 6/¢€ such that

n—e< Fk'”(nlf’”) < Fk’"(nl;'”) < U+Ee€
for m large enough, and there exists an integer N*» such that

n—e< Z |vk’"|2<u+e.

n— Nk | <"
The components v]f’” and vlzc"‘ are defined as follows. Let
km
p1 = 1for |n| < nj",
k| 2
p1 = 0for n| > n| +Z’
p1 a linear interpolant otherwise

and

p2 = 1 for [n| > n3",
2

ki
p2 =0 for |n| < ny" — o

P> a linear interpolant otherwise,

and then define v}" (n) = p;(n — N*¥)v* (n) and v&" (n) = p2(n — N¥)v*» (n). One easily
verifies that all parts of (21) are satisfied. Let n* = (nlf’” + ng‘”) /2 and define

X" =0 for |n — N*| < nf,

xkn =1 for |n — N*| > n*,

Xk'" a linear interpolant otherwise,
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so that 8*(x*) — 0 as m — oo. If we use v’;’" as initial data for (21), then by (25) we have

D EIL@E I = Y Gty P,

n=—00 n=—00

+ /0 21m (c?(z/) > ((5+<x,’:m1)>n£<z>{v’;"'}n(5(z:(z){v’;'"}»n) dz’. (30

n=—0Q

This choice of x*» and the construction of vlz"" imply

S L@ < Y A P+, = c,.

In— Nk | <n* In— Nk | <n*
where ¢y, — 0asm — oo. Setting N* = N*» gives the first estimate (29). A similar estimate
using v]l‘m as initial data and

ki

)

xk =1for|n — N*| <n
x* =0for|n— N*| >n
x* is a linear interpolant otherwise,

1
*
K

yields
YL@ = Y (P
[n—N*|<n* [n—N*|<n*

+ /0 21m (c?@) > <(6+<x,le)>n£<z){vf"}n(a(£<z){v?”})>n> dz’.

n=—oo
By conservation of the /> norm, this is equivalent to

D 1L@IP = Y (v P

[n—N*|>n* [n—N*|>n*

- /0 2Im <c?<z’> > (<8+<x,i‘i,>>nc(z>{v’f"’}n(s—(ﬁ(z){v’:m}»n) dz

n=—00

iy L x o x =
< Y (WP +é, =&, =&, — 0,

[n—N*|>n*
which gives the second estimate. ]

Decomposing the sums in (26) and (27) as
2= 2t X
Z |n—N*|<n*  |n—N*|>n*

and applying the Cauchy—Schwartz inequality and Lemma 3.3, we obtain |R3| > —C(¢) with
C(e) — 0as e — 0. Overall,

(H){v*} = (H) (k") + (H) ok} + R, b nfy > (H) o) + (H) {(vb) + Ce),
where C(¢) — 0 as € — 0, independently of m. Thus

km
<H>{U } 2 Ip. +I)\,—/L
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and in the limit m — oo,
I)L > IM + I)\*M’

a contradiction to the subadditivity property. Thus, v¥" does not split.
Since v*" does not vanish or split, by the concentration compactness lemma, there exists
an integer ng’" such that for all € > 0, there exists N, independent of m, such that

Yo Pz

k)
|n_n0m [<Ne

Kon ;
/ b

which is precisely the criterion for v*" to have a strongly convergent subsequence v
v vt e 12

By continuity of (H),
(H){v"} — (H){v")

and since
(H) (o'} — T,

we have (H){v*} = Z,,1i.e. v* € A, is the minimizer. O

We comment that the case d = 0 is much more subtle in the continuous dispersion

managed case [23], requiring Strichartz estimates and careful energy estimates in both Fourier
domain and physical variables.

3.3. Stability

Using the conservation of the /2 norm and the Hamiltonian, we show that Ve(2) = el“2p* is an
orbitally stable solution for the averaged equation.

Theorem 3.4. Let S, be the set of ground states in A;,. Let vi(0) be a sequence of initial data
for the averaged equation with

inf [|ve (0) — v Ol < €
Then
lgf Ve (@) — ve (22 < €
forall z* > 0.
Proof. Let v;(0) be a sequence of initial data for the averaged equation with
1gf vk (0) — vg (0)]l2 = O
and
igkf e (@) — vg ()2 > €
for some z* > 0. Thus, the conserved quantities for the averaged equation satisfy

(H){v(z")} = (H){ve (0)} — T,
and

ok )17 = ok )1 — 2.
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Define
_ )»1 /2 Vi ( Z*)
@)l
which approaches a minimizing sequence for the Hamiltonian as k — oo. By the minimization
theorem, w; must have a strongly convergent subsequence wy,, and overall

A

<nf ") = vp )l < inf o) — w1 +inf g

m

— g2l > 0,

a contradiction. O

4. Excitation thresholds

We now consider the generalized variational problem
Minimize
Hiv} = di (=8, v)——/ D LDl (31)

neZzd

over the class of functions

A, = {velz, > |un|2=,\},

nezd

where d > 0, d is the spatial dimension and o > 0 is a measure of nonlinear strength.

Following the work of Weinstein [14], we give a necessary and sufficient condition for
the existence of a ground state. We first prove the following proposition, which is essential to
the argument.

Proposition 4.1. Let 7, be the infimum of H over A,. Then I, > 0 if and only if A is such
that the following inequality holds for all u € I*(Z%)

/ D L@ D, d2 (HDKd (Zw) (=8%u,u).  (32)

nezd neZd

Proof. Now Z, > 0 if and only if

< d(=8%v, v) — —/ S 1L D a2
nezd
forallv € A, or
f D L W d2 < (o + Drd (=87, v). (33)
neZ4

Let 0 # u € [*(Z?) be arbitrary and define

=\/Xu

lull 2

A
Substituting v into (33) and using the fact that £(z) is a linear operator gives (32) O

To show that the infimum of H is negative, so that by theorem 3.2 a ground state exists, our
strategy will be to demonstrate that no such positive A exists for all u € [>(Z%). The criterion
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for this condition to be satisfied will depend on d and o, and the problem is intimately related
to the following question.

For what d and o does there exist a positive minimal constant Cpynrs for the inequality

1 o
/ DL d < € (Z |un|2> (—8%u, ), (34)
0

nezd nezd
where u € 1*(Z%)?
Indeed, if such a minimal constant exists and we define
Athreshold = Sup{X : (32) holds}, (3%
then Areshola 18 related to Cpyyrs through

R™ = inf I(Znezd ) (=S w) 1
uelr 3 g (L@ U2+ dz’ Comnes

(36)

by
Ahreshold = (0 + D)kdR>)17 (37)

If R%? = 0, then by (36) there does not exist a finite minimal constant Cpynrs, and hence
no positive A for which Z, > 0. By proposition 4.1, Z, < 0 for all A > 0 and a ground state
exists by theorem 3.2. If R4 > (, then since (32) holds for all A < Apresholds ground states
of arbitrarily small energy do not exist. However, if A > Awpreshold, We Will show that a ground
state exists. This motivates the following theorem.

Theorem 4.2 (excitation thresholds).

1. If o < 2/d, then R%? = 0 and by theorem 3.2 the Hamiltonian has ground states with
arbitrarily small energy.
2. If o 2 2/d, then
(a) R%4 > 0,
(D) If ull;z = A, then
H{u} > kd(—8u, u) (1 - ( * ) > , (38)

)"threshold

where Mpreshold > 0 is given by (37).
(c) H{u} has ground states if and only if the energy exceeds the excitation threshold
)\threshold deﬁned by (3 7)

Proof of 1. We show the details of the proof for the case d = 1, 0 = 1 and note where it
changes for general d and o. For definiteness, let u, (y) = exp(—y|n|), where y > 0. Now

00 00 o ) -
Z lun (9)I* = Z lexp(—yInI* = 2Zexp(—2yn) +1= _2exp(=y) +1,

n=—00 n=—o00 n=I1 1- exp(—y)
which to leading order as y — 0is 1/y.
Similarly,
o0 [o¢]
> lexp(=yln+ 1)) —exp(—=y D> = Y exp(—2yIn+ 1) +exp(~2y |n|)
n=-—0o0 n=—0oo

—2exp(=y(|n| +[n + 1)),
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which to leading order as y — 01is y. Finally,
w/h w/h w/h
/ 3 CG exp(—y D) d = ( ) / " K (. 22 0 00
n=—00 — 2% ) J_ain S ayn J—ayn J—a/n

4 oo
1_[ Z exp(i(—l)ja)jnh)exp(—y|n|) dw; dw, dws dwy.

j=ln=—o00

We make the change of variable a)’< = w;/y, which gives

/ Z (L) {exp(—y InI})]* dZ’

n=—00
w/yh w/yh w/yh w/yh
= < ) f / K(yo), ywy, yoy, yo))

w/yh J—m/yh w/yh J—n/yh

1_[ Z exp((i(— I)Jyw nh)exp (—yn|) | do| do) do) dw).

j=1n=—00

Now to leading order as y — 0, the kernel function

1
K(ywy, yoy, yos, ywy) = / exp(—iD(2) P(y ), y ), y o}, yw))dz,
0
where
P(yw), yw,y, yoy, yw,) = 2(cos(yw|h) — cos(ywh) + cos(ywyh) — cos(yw,h))

is the constant 1. Thus, to leading order

oo vh 4 pm/yh  pm/yh pm/yh pw/vh
f 5 1@ exp—y di (2—> / [

N0 oo \ETT —/yh J=mjyh J—m/yh J—m/yh

4 o0
]—[ Z exp(i(—1)/ya/nh) exp (—yn|) | do; dw) do dw),
j=1n=

oo

= Y lexp(=yInDI*,

where
2 —4
exp(—4y) L1

J— 4 - =
> lexp(—yInD[* =2 exp(—4yn) + 1 = 1 — exp(—4y)

n=-—00 n=1
is 1/y to leading order as y — 0. Evaluating the quotient that defines R"! gives
Cozoo M D Fom o (G

Jo 2o 1L u(y)Dal* dz/

asy — 0,s0R" =0.
In the general case, we have

2 —d
D lual ~y 7,

nezd

-0

(—8%u, u) ~ y*
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and

/ D LG uDal P dz ~ y 4,
nezd
which yields R%¢ ~ y?>74° — 0 for2 > do. O

Proof of 2.
(a) We need only show that (34) holds for some positive C, as

1
Counis SC—=0< = <

We start by summarizing some results of Weinstein [14].

Discrete Sobolev inequalities. If u € [*(Z?), then there is a constant C depending only on &
and d so that the following inequality holds

1+(0/2)(2—d)
Yo lwl<C (Z |un|2> (—8%u, u)?, (39)

nezd nezd

where )0 <o <ooford =1,2and0 <o <2/(d —2)ford >3
Moreover, if od > 2, then the upper bound on o for d > 3 can be removed, and there
exists a positive minimal constant Cpyyrs in the inequality

Y <c (Z |un|2> (—8%u, u), (40)

neZd neZd

C ZneZd Iu”|2”+2
DNLS = Sup .
werr (Xneza 1un|?)7 (=8%u, u)

We evaluate (40) at u = £(z){v} € [*> and integrate over z, yielding

1 o
/ D 1L@{1]*7* dz < Cos fo (Zw(z){v}nF) (—=8*(L@) v, L{v))dz

nezZ4 neZd
=CDNLS/ (an ) (—8%v, v)dz
neZd
= Cpnis (Z |Un|2> (—8%v, v).
neZd

Since (34) holds for the positive constant Cpnis we have R%? > 0. The inequality also gives
a comparison between the two optimal constants,

Cpunrs < Cpnrs, (41)
which through (36) and (37) imply that
Mbresh < Mhresh - (42)

(b) Evaluating (32) with A the optimal constant Ayreshold Zives

: Dd
/ D LG uDa P d’ < (icf L <Z| nl) (—8%u, u)

0 eza threshold nezd
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so that for any u € A;, we have

/Zl(ﬁ(z){u})nlz"*zd (Hl)xdv(—azu,u)

neZd )"glreshold
and hence
Hiv} = dk (—5%, v)——/ S L@ haPo R d
neZd

- A i
> dic(—8%u, u) (1 — (—> )
)\threshold

(c) If A > Athreshold, then by definition (37) the inequality (33) cannot be satisfied, so
by proposition 4.1, the infimum of the Hamiltonian is negative, which gives the existence of
ground states. If A < Awreshold, then by proposition 4.1, Z, > 0. In fact, if we choose a
sequence vf whose K'th element is a constant C (A, K) for |n| < K and zero otherwise, then
this sequence satisfies Y, 7 [v5|> = A and, as a consequence of the d-dimensional energy
localization lemma 3.1, limy_, o H(vx) — 0, so in fact Z, = 0. Thus, by (38) evaluated at a
minimizer v*,

_ N e
> dk <1 - —) (=8%v*, v*) > 0,
)\threshold

a contradiction. Thus, a ground state cannot exist for A < Areshold- O

5. Conclusions

We have demonstrated the validity of the asymptotic theory for the diffraction managed
nonlinear Schrodinger equation first developed in [10-12]. For the case od < 2, we have
verified that a generalized averaged equation possesses ground state solutions of arbitrarily
small /2 norm, and in the case od > 2, ground states exists if and only if a certain excitation
energy threshold is exceeded, where the excitation threshold is described in terms of a minimal
constant for a related Sobolev-type inequality. We note that in the regime where thresholds
exist, by (42) the threshold energy corresponding to the discrete nonlinear Schrodinger equation
may be less than that for the generalized averaged equation for diffraction management. For
isotropically diffraction managed systems, which are modelled by the generalized averaged
equation corresponding to (31), this potentially higher energy requirement for od > 2 could
have implications for their use versus use of the slab waveguide.
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